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Gradient reconstruction is a key process for the spatial accuracy and robustness of finite volume
method, especially in industrial aerodynamic applications in which grid quality affects reconstruction
methods significantly. A novel gradient reconstruction method for cell-centered finite volume scheme
is introduced. This method is composed of two successive steps. First, a vertex-based weighted-least-
squares procedure is implemented to calculate vertex gradients, and then the cell-centered gradients
are calculated by an arithmetic averaging procedure. By using these two procedures, extended stencils
are implemented in the calculations, and the accuracy of gradient reconstruction is improved by the
weighting procedure. In the given test cases, the proposed method is showing improvement on both the
accuracy and convergence. Furthermore, the method could be extended to the calculation of viscous
fluxes.
Key words finite volume method, gradient reconstruction, cell-centered, vertex-based weighted-least-
squares
I. Introduction
Unstructured finite volume method (FVM) has been extensively used for computational fluid dynamics
(CFD) in virtue of its capability to automatically discretize complex domains. An extensive overview of
unstructured FVM discretization and solvers is given by Mavriplis [1], and thorough studies on the gradient
reconstruction methods were provided by Diskin, et al. [2–4].
For cell-centered (CC) FVM, one class of gradient reconstruction methods are (vertex-based) node-
averaging-Green-Gauss (NA-GG) schemes [5–10]. NA-GG schemes usually perform pseudo-laplacian (PL)
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procedure [5, 7–9] to calculate vertex values at first, and then cell gradients are calculated by GG procedure
[11], which performs the numerical integration over cell interfaces. Another class of gradient reconstruction
methods are cell-based weighted-least-squares (WLSQ) methods. In order to improve the accuracy ofWLSQ
method, full-augmentation (FA) stencil or smart-augmentation (SA) stencil are usually implemented [2, 4].
Newly developed WLSQ(G) scheme [12, 13] introduces the effects of interface area and grid distortion for
improving the accuracy on unstructured grids.
In this study, a vertex-weighted-least-squares (VWLSQ) gradient reconstruction method is introduced.
The method could be taken as an improvement of the PL scheme, of which the calculations are mainly
preformed at grid vertexes. The difference is that the proposed method has utilised the vertex gradients
which are discarded by PL scheme. The presented paper is organized as follows. In the next section, the
basic of finite volume formulation of the governing equations is given. In section III, the simple presented
method is introduced. Some of the characters of the presented method are introduced in section IV, and the
numerical comparisons are given in section V. Finally, the paper ends with the conclusions.
II. Governing equations and discretization
The discretization for the compressible Euler equations is introduced as follows. The integral form of
the equations is
∫
Ω
∂Q
∂ t
dΩ+
∫
∂Ω
Fc(Q) ·ndS = 0. (1)
where the Ω and ∂Ω are the control volume and its boundary surface respectively, and the Q is the conser-
vative variables and the Fc is the convective flux.
The governing equations are discretized using a cell-centered finite volume formulation and applied to
polygon computational cell i, which is sharing an interface k with a neighbouring cell j. Therefore, the
spatial discretization at a fixed cell i for the Euler equations in Eq.1 can be expressed as
∂
∂ t
(QΩ)i =−(
N f
∑
k=1
Fc,k ·nkSk)i, (2)
where Sk is the interface area, nk is the unit norm vector outward from the interface, and N f is the interface
number of cell i. The convective flux vector Fc,k could be computed according to the unified form of flux-
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difference-splitting (FDS) [14] scheme:
Fc,k =
1
2
[Fc(Q
+
k )+Fc(Q
−
k )−|Aˆ|(Q−k −Q+k )]. (3)
TheQ+k and Q
−
k are the left and right variables at interface k respectively. In this study, linear reconstruction
methods are employed. The cell interface variables are extrapolated from the cell-centre variables by using
the gradient ∇Q:
Q+k =Qi +φi∇Qi ·∆xik,
Q−k =Q j +φ j∇Q j ·∆x jk,
(4)
where ∆(·)ki = (·)k− (·)i. The slope limiter coefficients [11, 15] is usually employed to suppress oscillations
at captured discontinuities. However, the implementation of limiter will blur the accuracy estimation of
gradient reconstruction, and thus φ is set as 1 in this paper to investigate the unlimited gradients.
III. Proposed method
A weighted-least-squares interpolation is performed at each vertex in the proposed method. In a vertex-
based gradient calculation, the cell-centre variable could be expressed as an extrapolation from the variable
at a vertex of cell by using the vertex gradient,
Qi =Ql +∇Ql ·∆xli. (5)
For each connected cell i of vertex l, a linear equation as Eq.5 can be established, and then an over-determined
system of equations can be written as

ω1 ω1∆xli ω1∆yli
...
...
...
ωNl ωNl ∆xlNl ωNl ∆ylNl




ql
∂ql
∂x
∂ql
∂y


=


ω1q1
...
ωNl qNl


, (6)
where the Nl is the connected cell number of vertex l. The system can also be written as
AlXl = Bl . (7)
The unknown vertex value Ql and gradient ∇Ql can be attained by solving the over-determined system
by the means of least squares method. The ωi in Eq.6 is the weight of the weighted-least-squares procedure
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which usually is inversely proportional to the distance Lli between cell i and vertex l. The weight can be
written in an universal form as
ωi =
1
Lnli
. (8)
Therefore, the proposed scheme is finally named as VWLSQ(n) for convenience. The unweighted-vertex-
least-squares method could be represented as VWLSQ(0) scheme in the unified manner.
The proposed method is less concerned with the vertex value Ql but focuses on the first order spatial
derivative ∇Ql . Once the vertex gradients are calculated, the gradients in cells and interfaces can both be
calculated by an arithmetical averaging procedure as
∇Qi =
Nv
∑
l=1
∇Ql
/
Nv ,
∇Qk =
Nv
∑
l=1
∇Ql
/
Nv ,
(9)
where the Nv is the adjoining vertex number of cell i or interface k. For the second-order spatial discretization,
the estimation of gradient is expected to be first-order accuracy, or constant. Therefore, a directly arithmetical
averaging procedure of second-order accuracy is sufficient for the computation of the gradients.
IV. Explanation and comparisons
A. Vertex-based gradient reconstructions
The FA stencil, which includes all the common vertex neighbour cells, is a natural advantage of vertex-
based reconstructions, including the PL-CLIP (CLIPping) scheme [5, 7–9] and the proposed VWLSQ(n)
scheme. As shown in Fig.1, FA stencil provides flow information around the central cell. It means the
gradient reconstruction will be less affected by grid distortion and/or lack of neighbouring cells, and thus the
accuracy and stability could be retained in complex grid conditions.
Furthermore, the vertex-based reconstruction possesses the efficiency advantage. Table 1, in which the
number N is the vertex number of each grid type, is showing how many least-squares problems should be
solved on each grid type. For example, on a quadrilateral grid, cell number is approximately equal to vertex
number, and thus the computation cost of vertex-based schemes or cell-based schemes are in the same level.
However, on a triangular grid, vertex number is half of cell number, and then the vertex-basedWLSQ scheme
will be more efficient. Especially, reconstructions using FA stencil require more computations for each cell.
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Fig. 1 Stencils for vertex-based reconstruction. Vertex stencils: shadowed cells. cell stencils: all cells.
Table 1 Requirement of LSQ solutions for gradient reconstructions
Triangle Tetrahedron Quadrangle Hexahedron
Vertex N N N N
Cell 2N 6N N N
Face 3N 12N 2N 3N
Therefore, for inviscid flow simulations on quadrilateral and hexahedron grids, the computation costs of
cell-based or vertex-based methods would be about the same. On triangular or tetrahedron grids, the vertex-
based reconstruction methods are more efficient compared with the cell-based WLSQ scheme, because the
vertexes are much less than the cells on such grid types. For viscous flow simulations, the facial gradient
reconstruction is a necessary step for the computation of viscous fluxes [3]. The VWLSQ(n) scheme will be
more efficient because its facial gradients could be calculated by the simple averaging procedure based on
vertex gradients.
B. Invoking of clipping pricedure
The PL scheme with clipping procedure, or the PL-CLIP scheme, is commonly used because its ef-
ficiency and effectiveness. Although there was a research which suggested that the clipping procedure is
unnecessary except at the boundaries [16], the procedure has been applied to ensure positivity of weights
used to calculate vertex variables. Therefore, a brief discussion is presented here for this issue.
In Fig.2, four triangular cells are given of which the cell centre coordinates are assigned. The value at
vertex v0 is unknown and needs to be calculated by an interpolation of four cell centre values. If the PL
scheme [7] is applied, the weight of cell centre C1, ω01, is zero. Therefore, this is a critical situation that
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Fig. 2 A critical situation of invoking clipping procedure
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Fig. 3 A perturbed triangular grid
may be leading to a negative weight, and thus the clipping procedure will be used to ensure positivity that
is important for nonlinear reconstruction in which a negative weight could cause significant error or even
instability. However, the clipping procedure deteriorates accuracy.
It should be noted that the clipping procedure depends on grid information and is independent of flow
information [17]. In fact, it is unnecessary to clip the negative weight for approximating a linear distribution
on the grid layout in Fig.2. The proposed method VWLSQ(n) calculates linear approximations at first, and
postpones the positivity or monotonicity checking to the slope limiter. Therefore, the linear reconstruction
will not deteriorate the reconstruction accuracy by certain grid layouts.
C. Perturbation on triangular grid
Triangular/tetrahedral discretization is a normal choice for complex geometry simulations, and perturba-
tion on the grids is usually occurred due to the complexity of the applications. Therefore, a brief comparison
is presented as follow.
In Fig.3, two triangular cells are given. Without loss of generality, the x-direction of the local coordinate
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is parallel to one of the edges. A function q = φ(x,y) = x2 is numerically assigned at the grid vertexes. If a
perturbation in x-direction is assigned at v1, for example, replace v1 by v4, and then the x-direction gradient
calculated by GG method atC1 could be written as
(
∂q
∂x
)(GG)
C1
=
1
2
l34 (q3+ q4)(n34)x− 12 l24 (q2+ q4)(n42)x
Ω234
= 3, (10)
which is equal to
(
∂q
∂x
)(GG)
C0
=
1
2
l13 (q1+ q3)(n31)x− 12 l12 (q1+ q2)(n12)x
Ω123
= 3. (11)
These two results indicate that the GG method does not response to the grid perturbation, and thus the
accuracy is deteriorated.
On the contrary, the vertex-average procedure for gradient could attain accurate cell-centre gradients.
The formulas are
(
∂q
∂x
)(AVE)
C0
=
(
∂q
∂x
)
v1
+
(
∂q
∂x
)
v2
+
(
∂q
∂x
)
v3
3
= 2xC0 ≈ 2.667,
(
∂q
∂x
)(AVE)
C1
=
(
∂q
∂x
)
v2
+
(
∂q
∂x
)
v3
+
(
∂q
∂x
)
v4
3
= 2xC1 ≈ 2.333.
(12)
Here, although the advantage of the vertex-gradient-averaging procedure is not changing the fact that
the whole gradient reconstruction scheme is second-order spatial accuracy, the VWLSQ(n) could be less
sensitive to the grid perturbation.
D. WLSQ scheme on a perturbed high aspect-ratio grid
Inverse distance weight is usually implemented for improving the accuracy of WLSQ schemes. How-
ever, WLSQ schemes are sensitive to the small perturbation of computation grids [4].
In Fig.4, gradient at cell centre C0 needs to be calculated, and the value at each cell centre is given.
A function q = φ(x,y) is given on this grid. Cell centres C1, C3, and C4 are perpendicular to C0. The
coordinate ofC0 is xC0 = (x,y)C0 = (0,0), and then the other coordinates are xC1 = (L,0), xC3 = (−L,0), and
xC4 = (0,−H). Here, a perturbation is set atC2, of which the coordinate is (x,y)C2 = (s,H).
If L ≫ H, and H ∼ s, it leads to a high aspect-ratio grid with perturbation. If the cell-based WLSQ(1)
scheme is applied on this grid, leaving out the detail of the derivation, the solution of the least-squares
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Fig. 4 A perturbed quadrilateral grid
problem is
AT AX = AT B =

 ωaL ωcs −ωaL 0
0 ωcH 0 −ωbH




ωa∆q01
ωc∆q02
ωa∆q03
ωb∆q04


=

 ω
2
a L(∆q01−∆q03)+ω2c s∆q02
H(ω2c ∆q02−ω2b ∆q04)

 ,
X = (AT A)−1AT B =
1
|AT A|

 H
2(ω2b +ω
2
c ) −ωcsH
−ωcsH 2ω2a L2+ω2c s2



 ω
2
a L(∆q01−∆q03)+ω2c s∆q02
H(ω2c ∆q02−ω2b ∆q04)

 .
(13)
Here, ωa = ω1 = ω3 =
1
L
, ωb = ω4 =
1
H
, ωc = ω2 =
1√
H2+s2
, thus ωb ∼ ωc ≫ ωa. As a result, the gradient
is nearly independent of the variables at C1 and C3. It means slightly perturbation on high aspect-ratio grid
will severely deteriorate the accuracy of cell-based WLSQ schemes, especially on the boundary layer grid
on which variables are changed violently in the vertical direction.
On the other hand, the vertex-basedVWLSQ(n) scheme is less sensitive to such weighting effect because
its weights are approximately in the same magnitude, and thus the contribution of each stencil cell will be
utilized. Therefore, the proposed method is expected to be more accurate and stable on perturbed grids.
In the following numerical cases, the VWLSQ(1) is showing better performance on high aspect-ratio grids
compared with cell-based WLSQ schemes.
E. Curvature grid and geometrical monotonicity
The geometrical monotonicity problem was investigated, for which a hybrid formula of GG and
WLSQ(G), GLSQ [12, 13], was proposed. In the research of GLSQ, GG method had been used to fix the
geometrical monotonicity violation induced by WLSQ scheme. For a vertex-based gradient reconstruction
scheme, for instance the PL-GG scheme, is also suffering this monotonicity violation. As shown in Fig.5,
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Fig. 5 A curved hybrid grid
flow information at the vertex v0 is expected to be calculated by the neighbouring cell-centre variables. How-
ever, v0, which is outside the dashed-line zone, leads to an extrapolation, instead of an interpolation, in the
reconstruction. Therefore, in order to guarantee monotonicity, clipping procedure is used, which leads to the
PL-CLIP-GG scheme.
As mentioned in section IVB, it is not always necessary to invoke the clipping procedure, even negative
weights are produced. The presented VWLSQ(n) scheme which is without clipping procedure does not
guarantee monotonicity. However, the numerical results will prove the scheme remains stable on many
cases, on which the traditional cell-based WLSQ scheme is unstable or even blow-up.
V. Numerical results
A. Approximation of analytical function on perturbed grids
In this section, perturbed grids are used to discretize a rectangular zone, as shown in Fig.6. The test grids
are devised to bear the conditions of high aspect-ratio and skewness, and then some basic properties of the
proposed method could be shown.
The zone is 1× 1 rectangular geometry and containing 21(horizontal)× 101(veritical) vertexes. The
two triangular grids is made by bisecting the quadrilateral grid regularly and randomly, respectively. Width
of each cell is identical, that is w = 1/20 = 0.05, and the height of the first layer at the bottom is h =
7.25719×10−6, and thus the maximum aspect-ratio is 6890 for the quadrilateral cells and 9186 (6890×4/3)
for the triangular cells. Cell height grows from the bottom to the top in a spacing rate of 1.1. The random
perturbation of grid vertexes is in range of (−0.1,0.1)×w in horizontal and (−0.1,0.1)× h in vertical.
To compare the accuracy of gradient reconstruction methods, a simple analytical function q = y2 is
numerically set at all the vertexes. Therefore, the accurate gradients are known. The function ∇qy is the
vertical directional derivative of q = 2y. Here, VWLSQ(0) and VWLSQ(1) are showing nearly identical
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(a) Type I: quadrilateral grid (b) Type II: regular triangular grid
(c) Type III: irregular triangular grid (d) Type IV: random hybrid grid
Fig. 6 Perturbed test grids
results, and thus the results of VWLSQ(1) scheme are omitted.
Firstly, the vertex values reconstruction errors of NA methods on grid IV are shown in Fig.7 to explain
some of the basic characters of the schemes. It is obvious that the clipping procedure causes significant errors.
It should be noted that the weighted PL scheme, WPL, with using clipping procedure, produces significant
error which is approximately equal to theWA scheme. On the other hand, PL scheme without clipping shows
better and stable accuracy. Therefore, the clipping procedure is unnecessary in certain condition, which is
not always detectable preliminary.
Subsequently, the cell-centre gradient reconstruction errors are shown in Fig.8. The results of NA pro-
cedures showed that WA and WPL-CLIP scheme are less accurate on the given grid, and thus only the PL
scheme is used in the following comparison. Again, the clipping procedure causes oscillate errors, which
is expectable after the former results. The cell-based WLSQ(3) scheme shows larger errors in quadrilat-
eral cells, and thus the errors are more significant on grid I and IV . This is a proof of the conclusion in
section IVD. It should be noted that, for cell-based WLSQ scheme, weighting improves the results in low
10
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Fig. 7 Vertex value accuracy of NA methods on perturbed grid IV
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Fig. 8 Approximation errors on perturbed test grids
aspect-ratio cells. In general, VWLSQ scheme is showing the best result in all the grid conditions.
B. Subsonic inviscid incompressible flow around a cylinder
The former test case only shows gradient approximation at cell centres, and thus it is not sufficient to
explain the convergence and stability of each scheme. Therefore, this test case is given. The flow condition
of the presented test is that inviscid flow of which the uniform inflow Mach number is set as 0.3 goes around
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(a) Quadrilateral grid (b) Triangular grid
Fig. 9 Grids for the simulations of inviscid flow around a cylinder (close-up view)
a circular cylinder. Flows in this given Mach number is approximately incompressible, and thus there is not
drag in the cylinder theoretically. Furthermore, the entropy should not increase or decrease in all the flow
field. Therefore, any non-zero drag of the cylinder, or entropy variation in flow field, indicate numerical error
of numerical schemes. Because there is not discontinuity in the flow field, slop limiters are not used, and
thus the gradient reconstruction schemes could be investigated solely.
The diameter of the cylinder is D = 1, and the diameter of the circular outer boundary is 40D. Two
quadrilateral discretizations are defined. The coarse one is 180(Circumferential)× 60(radial) and the fine
one is 270× 90, of which the first layer cells are 0.02D and 0.01D respectively. Correspondingly, two
triangular grids are defined. From the inner slip wall to the outer non-reflecting boundary, the layers and
cell heights of triangular grids are as same as those of the quadrilateral grids, but the cells of each layer of
triangular grids are double those of the quadrilateral grids. All the triangular cells are isosceles triangle and
the vertex angles point to the outer boundary. Coarse quadrilateral and triangular grids are shown in Fig.9.
The flow condition is steady state, and thus the temporal accuracy is not required here. The commonly
used implicit scheme LU-SGS [18] is implemented for the solution of the semi-discrete equations, with
CFL = 100 defined. The HLLC scheme [19] is used for the calculation of convective fluxes. Flow contours
of VWLSQ(1) scheme are shown in Fig.10, as an example. Due to the property of inviscid incompressible
flow, the contours are symmetrical. Different schemes show little difference in contour, but the convergence
histories in Fig.11 are significantly different.
Because the schemes on coarse grids or fine grids are showing similar convergence pattern, relatively,
only the results on coarse grids are given in the figures. On quadrilateral grid, the convergence of each
12
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Fig. 10 Flow contours of the inviscid flow around a circular cylinder problem
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Fig. 11 Computational residuals of subsonic inviscid flow around a cylinder on coarse grids
scheme is similar except the WLSQ(1) and WLSQ(G) cost more computation steps to be convergent. The
vertex-based schemes show significant advantage compared with the cell-based WLSQ scheme on triangular
grids. Thereinto, WLSQ(1) and WLSQ(G) are unable to converge and WLSQ(0) costs more computation
steps compared with vertex-based schemes. Two VWLSQ schemes show a little advantage in converged
residual among the vertex-based schemes.
Then the accuracy is compared. As aforementioned, the drag of the cylinder in this computation con-
dition should be zero in theory. Here, the drag of each scheme on each grid is shown in Table 2. While the
grid is refined, the darg, i.e. the error, is reduced, with using any of the reconstruction method. The errors of
VWLSQ(1) scheme is the smallest among the vertex-based schemes. The cell-based schemes are showing
larger error in most of the cases compared with the VWLSQ(1) scheme, except several exceptions. The
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Table 2 Numerical drag coefficients abs(Cd) of the cylinder
quadrilateral triangular quadrilateral(fine) triangular(fine)
VWLSQ(0) 2.02×10−3 4.01×10−4 6.64×10−4 1.66×10−4
VWLSQ(1) 3.40×10−4 4.26×10−5 1.09×10−4 1.88×10−5
WLSQ(0) 4.42×10−3 1.80×10−4 1.49×10−3 1.04×10−4
WLSQ(1) 1.18×10−3 1.04×10−4 4.05×10−4 5.47×10−6
WLSQ(G) 5.36×10−5 3.70×10−4 1.04×10−5 8.21×10−5
WA-GG 5.75×10−4 1.19×10−4 2.00×10−4 7.50×10−5
PL-CLIP-GG 4.21×10−4 9.88×10−5 1.45×10−4 6.75×10−5
WLSQ(G) scheme is showing the best accuracy on quadrilateral grids, and the WLSQ(1) scheme is showing
the best accuracy on the fine triangular grid. However, their convergence is less admissible which has been
shown.
Besides the integral error, absolute drag of cylinder, the distributed error, entropy, which is defined as
ln[(p/ργ)/(p∞/ρ
γ
∞)] here, is shown in Fig.12. For simplicity and clarity, only several typical results are
presented. VWLSQ(1) scheme shows symmetricity in the contour, and relatively small entropy increase
is found behind the cylinder. It should be noted that the PL-CLIP-GG scheme produced entropy-decrease
which is un-physical in two flanks of the cylinder. This phenomenon indicates the scheme produces negative
dissipation. With using the fine grid, the VWLSQ(1) scheme shows lower entropy increase which indicates
lower dissipation. The WLSQ(1) scheme also shows low dissipation on fine triangular grid, whereas the
entropy distribution is not as symmetrical as that of the VWLSQ(1) scheme.
In this case, WLSQ(G) schemes shows the best accuracy on quadrilateral grids which proves that its
novel weight function improves accuracy on this regular non-perturbation grid. Whereas, on triangular grids,
the vertex-based schemes are showing better performance compared with cell-based schemes. Thereinto, the
VWLSQ(1) scheme is showing preferable performance on both the convergence and accuracy.
C. Subsonic inviscid incompressible flow around a NACA0012 airfoil
A more complex discretization is used in this test. The same flow condition around a NACA0012 airfoil
is simulated, for which a typical hybrid grid is shown in Fig.13. The total number of body-fitted quadrilateral
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(a) VWLSQ(1) (coarse) (b) PL-CLIP-GG (coarse)
(c) VWLSQ(1) (fine) (d) WLSQ(1) (fine)
Fig. 12 Entropy distribution on triangular grids
Fig. 13 Hybrid grid for the discretization of NACA0012 airfoil
cells is 200×15= 3000, and the maximum aspect-ratio is 250. The total number of triangular cells is 4236.
Quadrilateral cells are symmetrical distributed about the x-axis, but the triangular cells are unsymmetrically
distributed. The numerical schemes for temporal solution and convective fluxes are the same as in the last
test.
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Fig. 14 Computational residuals of subsonic inviscid flow around a NACA0012 airfoil
(a) Pressure
(b) y-velocity
Fig. 15 Flow contours of VWLSQ(1) scheme
The residual of each scheme is presented in Fig.14. The difference here is not significant except that the
WLSQ(G) is blow-up, which should be due to the geometrical monotonicity violation. WLSQ(1) scheme
shows disadvantage that is computation steps is about 20% more than the others. Based on the conclusion
in section IVD, the cell-based scheme is sensitive to the grid skewness, and thus the results are explainable.
The flow contour of each scheme also shows little difference, and thus only the result of VWLSQ(1) is shown
in Fig.15 to be a briefly explanation.
The numerical errors are also compared by the numerical drag and entropy. Numerical drag of each
scheme is presented in Table 3. Thereinto, the WLSQ(0) scheme shows the smallest drag, and VWLSQ(1)
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Table 3 Numerical drag coefficients abs(Cd) of the NACA0012 airfoil
VWLSQ(1) WLSQ(0) WLSQ(1) WA-GG PL-CLIP-GG
Cd 1.17×10−4 2.26×10−5 1.40×10−4 2.11×10−4 1.65×10−4
x
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(a) Leading-edge
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entropy: -0.0001 -6E-05 -2E-05 2E-05 6E-05 0.0001
(b) Trailing-edge
Fig. 16 Entropy distribution of VWLSQ(1)
scheme is the second, and better than the others.
In order to explain the the reason that the WLSQ(0) scheme shows better result in drag error, the entropy
distributions should be investigated which are presented in the following four figures. It could be found
that the WLSQ(0) scheme produces significant dissipation, entropy increase, compared with those of the
other schemes. Therefore, the integral error, numerical drag of WLSQ(0) scheme should be produced by
counteracting the distributed errors. In general, the performance of VWLSQ(1), WA-GG and PL-CLIP-GG
schemes in this test is similar, and the VWLSQ(1) shows smaller numerical error.
VI. Conclusions
A vertex-based gradient reconstruction method, which could be taken as an improvement or a variation
of PL scheme, is presented in this work. The proposed method is named as VWLSQ(n) scheme, and n
is suggested to be set as 1 based on the study. According to the analyses and the results of numerical
experiments, the VWLSQ(1) scheme is showing improvements in the accuracy and efficiency of gradient
reconstruction, especially on unstructured triangular grids.
In the numerical results, cell-based WLSQ schemes are showing good performance on the regular
quadrilateral grids, in which the stencils are well positioned. On the other hand, the vertex-based schemes
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Fig. 17 Entropy distribution of WLSQ(0)
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Fig. 18 Entropy distribution of WA-GG
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Fig. 19 Entropy distribution of PL-CLIP-GG
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are showing better accuracy and convergence on the triangular grids, and VWLSQ(1) scheme is showing
the best accuracy. On triangular grids or tetrahedron grids, because vertexes are much less than cells, the
vertex-based schemes could be more efficient compared with the cell-based schemes. Furthermore, the
cell-based WLSQ schemes and the PL-CLIP-GG scheme require extra interfacial gradient calculations for
viscous flows. Therefore, VWLSQ(n) scheme will be more efficient for viscous flow simulations because
the calculated gradients can be used for computations of both the inviscid and viscous fluxes.
The geometrical monotonicity condition for the robustness of gradient reconstruction is not specifically
investigated. The proposed method is not applying the clipping procedure, but the numerical simulations
on high aspect-ratio grids indicate that the proposed method is useable for practical simulations. Detailed
mechanism of the geometrical monotonicity is a necessary in the future investigations.
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